Majorana geometric representation of pure N -qubit states obeying exchange symmetry is employed to explore spin squeezing properties in the family {D N−k,k }, 1 ≤ k ≤ [N/2] with two distinct spinors. Dicke states are characterized by two orthogonal spinors and belong to this family -but they are not spin squeezed. On the otherhand, those constituted by two non-orthogonal spinors exhibit spin squeezing.
I. INTRODUCTION
Spin squeezing in multiqubit states has been an intense area of research both for its theoretical importance and for its applicability in entanglement-enhanced sensing in quantum metrology. Spin squeezing implies pairwise entanglement [10, 11, 13-16, 24, 25] and has gained significance in the quantification of metrologically useful entanglement in large number of ensembles of atomic spins.
Kitegawa and Ueda [2] proposed a definition of spin squeezing in terms of the uncertainty relation between collective angular momentum components of a spin j = N/2 state of an arbitrary N -qubit system. A quantitative measure of spin squeezing, incorporating invariance under rotation of the frame of reference, is defined as [2] , ξ = 2 (∆J ⊥ ) min / √ N and a N -qubit state is spin squeezed if the minimum value of the variance (∆J ⊥ ) 2 of the spin component J ⊥ , in the direction perpendicular to the mean spin direction J , is smaller than the standard quantum limit N/4 of the coherent spin states [2] . More specifically,
and hence the parameter ξ = 2(∆J ⊥ ) min √ N < 1 for spin squeezed states [2] . Here (∆J ⊥ )
is the variance of the component J ⊥ of the angular momentum, perpendicular to the mean spin-direction
, of the N -qubit system. The spin-squeezing parameter of a N -qubit symmetric state can be expressed in terms of the correlation * Electronic address: arss@rediffmail.com matrix elements of its two-qubit reduced density matrix, expressed in the standard form [14] ,
where I denotes the 2×2 unit matrix, σ i are the standard Pauli spin matrices and
denote the qubit orientations s = (s x , s y , s z ) and the real symmetric 3 × 3 correlation matrix T = (t ij ), i, j = x, y, z. The spin-squeezing parameter ξ can be expressed in the following simple form [14] :
wheren ⊥ is a unit vector perpendicular to the mean spin directionn 0 and n ⊥ denotes its transpose. Choosing a suitable co-ordinate system with mutually orthogonal triadsn 1 ,n 2 ,n 0 of basis vectors, such that the Z-axis is aligned along the unit vectorn 0 (mean spin direction), it may be seen that the quadratic form ( n ⊥ Tn ⊥ ) min is the minimum eigenvalue [14, 23] of the 2 × 2 block T ⊥ of the correlation matrix T in the basisn 1 ,n 2 orthogonal to the mean spin directionn 0 :
Consequently, the spin-squeezing parameter ξ can be expressed in an operationally simple form, on substituting Eq. (5) into Eq. (4). In other words, the Kitegawa-Ueda spin-squeezing parameter ξ may be evaluated using the two-qubit reduced density matrix of any random pair of qubits of a N -qubit symmetric system. In this paper we employ Majorana geometric representation [26] of pure symmetric N -qubit states and explore spin squeezing in the family {D N −k,k } of N -qubit states with two distinct Majorana spinors. Dicke states, the common eigenstates of collective operatorsĴ 2 ,Ĵ z , are special states of the family
with the constituent two distinct orthogonal spinors |0 , |1 . It is well known that Dicke states are entangled but are not spin squeezed [27] . We focus our attention to investigate spin squeezing behavior of N -qubit symmetric states constituted by two distinct non-orthogonal spinors belonging to the Majorana family {D N −k,k }, where one of the spinors occurs k times and the other (N −k) times. We evaluate the reduced two-qubit density matrix of Nqubit states belonging to different SLOCC classes [28] [29] [30] 
II. MAJORANA REPRESENTATION OF PURE SYMMETRIC MULTIQUBIT STATES
In the novel 1932 paper [26] Ettore Majorana proposed that a quantum system prepared in a pure spin j = N 2 state can be represented as a permutation of the states of N constituent qubits as follows:
where
denote the states of the qubits (spinors) constituting the symmetric N -qubit state |Ψ sym ;P corresponds to the set of all N ! permutations and N corresponds to an overall normalization factor. Eq. (6) is referred to as the Majorana geometric representation of a pure quantum state |Ψ sym of spin j = N/2 or equivalently, that of permutationally symmetric N qubits, expressed in terms of the constituent spinors |ǫ l , l = 1, 2, . . . N . It may be seen that when all the N spinors |ǫ l , l = 1, 2, . . . , N are identical, the corresponding class {D N } consists of separable states |D N = |ǫ, ǫ, . . . ǫ . The states
constructed from two distinct spinors |ǫ 1 , |ǫ 2 belong to the family {D N −k,k } of N qubits. It may be noted that the Dicke states
are the representative states of the family {D N −k,k }, with two orthogonal spinors |ǫ 1 = |0 , |ǫ 2 = |1 .
An arbitrary symmetric state belonging to the family {D N −k,k } is given by [28] [29] [30] ,
and it can be reduced to a canonical form, characterized by only one real parameter [28, 31] , with the help of identical local unitary transformations on individual qubits. More specifically, symmetric pure states |D N −k,k belonging to the family {D N −k }, are equivalent (under local unitary transformations) to the canonical state of the following form [31] . In order to analyze spin squeezing in the different inequivalent SLOCC classes [28] [29] [30] , corresponding to k = 1, 2, 3, . . . , [N/2], in the family {D N −k,k } of symmetric states, we first obtain the two-qubit reduced density matrix ρ (k) corresponding to any random pair of qubits in the state |D N −k, k ∈ {D N −k,k }. We have
The
By expressing ρ (k) in the standard two-qubit basis {|0 A , 0 B , |0 A , 1 B , |1 A , 0 B , |1 A , 1 B }, (using the relations between angular momentum basis |1, m 2 = ±1, 0 and the local qubit basis i.e., |1,
, one obtains the following simplified form [16] for the symmetric twoqubit reduced density matrix:
Now we proceed to discuss spin squeezing in detail in the illustrative cases k = 1, 2 in the family of states {D N −k, k }.
A. Spin squeezing in the class of states {DN−1, 1}
The reduced two-qubit density matrix ρ (1) drawn from the N -qubit pure states of the family {D N −1, 1 } (see Eq. (10)) has the following explicit structure:
1 c
Here (see Eq. (9)) we have β
and the associated non-zero Clebsch-Gordan coefficients (see Eq. (12) ) are given by
Furthermore, in the standard two-qubit basis
,
We obtain the qubit orientations (see (Eq. 3))
using which we find an orthogonal triad of basis vectorŝ
withn 0 denoting the mean spin direction. On simplifying, we obtain (see Eq. (5)) n 1 Tn 2 = n 2 Tn 1 = 0 and ( n ⊥ Tn ⊥ ) min = n 2 Tn 2 . Thus the corresponding spinsqueezing parameter takes the form [33] (see (Eq. 4))
In Fig. 1 we have plotted ξ, for the states in the family {D N −1,1 }, as a function of the parameter a and number of qubits N . 
B. Spin squeezing in the class {DN−2, 2}
When k = 2, the state |D N −k,k has the form (see Eq. (9))
and N , the normalization factor, satisfies the relation (β
2 ) 2 = 1. Following the procedure outlined in subsection IIIA, we evaluate the two-qubit reduced density matrix ρ (2) = Tr N −2 (|D N −2, 2 D N −2, 2 |) and express it in the standard two-qubit basis
2 c
, and the associated non-zero Clebsch-Gordan coefficients (see Eq. (12)) are given in Eq. (15) and
.
i , i = 0, 1, 2 and the Clebsch-Gordan coefficients, we obtain the density matrix ρ (2) in terms of the number N of qubits, and the real parameter a. We then evaluate the spin-squeezing parameter ξ following the same procedure followed in subsection IIIA while discussing the class {D N −1,1 }. We identify [33] that the mean spin directionn 0 lies in the XZ-plane and the element of correlation matrix n 1 Tn 2 = 0. This facilitates the evaluation of the spin squeezing parameter to be ξ = 1 + (N − 1) ( n 2 Tn 2 ), . We have plotted ξ as a function of the parameter a for different values of N in In general, for any arbitrary k, we evaluate the twoqubit density matrix
, in the standard two-qubit basis, in the form given in Eq. (13) with elements
given by,
The mean spin directionn 0 of the qubits in |D N −k,k lies in the XZ-plane and the spin-squeezing parameter ξ for any arbitrary state |D N −k,k belonging to the family {D N −k,k } can be readily evaluated [33] using
In Fig. 3 seen from Fig. 3 that for a fixed N , the spin-squeezing parameter for the state |D N −k,k reduces with the increase in k.
IV. CONCLUDING REMARKS
In this article we have explored spin squeezing in symmetric multiqubit pure states belonging to the family of two distinct Majorana spinors. We exclusively make use of the fact that spin squeezing is a reflection of pairwise entanglement and evaluation of the spin squeezing parameter requires the knowledge of two-qubit reduced density matrix of the N -qubit symmetric state [14] . We have used the canonical form of pure symmetric states |D N −k,k of N qubits with two distinct spinors which are characterized by a single real parameter a (see Eq. (9)) and divided the system into two parts containing N − 2 and 2 qubits respectively. By tracing out the N − 2 qubits we obtain the density matrix corresponding to any two qubits of the N -qubit symmetric state |D N −k,k . The correlation matrix elements expressed in the basis perpendicular to the mean spin direction leads us to evaluate the spin-squeezing parameter. The variation of spin squeezing with respect to the real parameter 0 < a < 1 characterizing the state |D N −k,k is graphically illustrated for SLOCC inequivalent family of states {D N −k,k }, with different values of k = 1, 2, . . .. While the Dicke states N 2 , N 2 − k constituted by two orthogoanl spinors are not spin squeezed, our work reveals that their generalizations viz., N -qubit symmetric states, consisting of two non-orthogonal spinors, exhibit spin squeezing. Investigations on the metrological relevance of the N qubit states belonging to the family of two distinct Majorana spinors is under progress and it will be presented in a separate communication [34] .
